Abstract. Any G-space approximately covered by tubes is the pullback of a universal space indexed by orbit types of the tubes and the cardinality of cover (2.1). The G-homeomorphism types of G-spaces over a given space correspond bijectively to filtered-homotopy classes of stratified maps of orbit spaces (3.7). Essential are the unique connected T 0 topologies on two-and three-point sets.
Our expanded definition here also adds the notions of approximate and isovariant. Definition 1.3. Let G be a topological group. Let X be a topological G-space. For any x ∈ X, its isotropy group is G x := {g ∈ G | xg = x}. Let F be any set of subgroups of G. An open G-subset T of X is an F-tube if it is G-homeomorphic to S × H G for some H ∈ F and H-space S. We say that X is covered by F-tubes if X = i∈I T i for some F-tubes {T i ≈ S i × Hi G} i∈I . More specifically, the cover is approximate if, for each point x ∈ X and neighborhood O of G x in G, there exist i ∈ I and g ∈ G with x ∈ T i and G x g −1 H i g ⊂ O. In particular, the cover is isovariant if each x ∈ X admits some i ∈ I with x ∈ T i and G x conjugate to H i . Let O be open in G. Let j = i ∈ I and K ∈ F. Let U be open in K\G. Consider B(j, U ) := {e ∈ S(i, H) | e j ∈ U }.
For any k ∈ I, write π k : (c(F\G)) I −→ c(F\G) for the k-th projection (e → e k ) and
is open with respect to the product topology of (c(F\G))
I . Observe that the subspace topology of S(i, H) has subbase B := {B(j, U ) | j ∈ I − {i} and ∃K ∈ F : U is open in K\G} .
Let B = B 1 ∩ · · · ∩ B n be in the base generated by B. Since µ is injective, note
I is a member of some F-tube T (i, H). Finally, let e ∈ E κ F G. Then G e = G ei for some i ∈ I. We may assume e i = 0. Then e i ∈ H\G for some H ∈ F. So e ∈ T (i, H)∩E
The classifying property: existence
Theorem 2.1. Let G be a topological group. Let F be any set of subgroups of G. Let κ be a cardinal. Let X be a G-space isovariantly covered by κ-many F-tubes. Then X is G-homeomorphic to the pullback f
F G. The conclusion holds with E κ F G if the cover is only approximate and each G x closed. Recall that each isotropy group G x is closed if X is Hausdorff (T 2 ) [tD87, I:3.5]. Any space is regular if any neighborhood of a point has a closed subneighborhood.
Proof. Let i ∈ I. There is a G-homeomorphism φ i : 
is an open function. It remains to show that Ψ is injective. Suppose Ψ(x) = Ψ(y) for some x, y ∈ X. Then xG = yG, that is, y = xa for some a ∈ G. First, assume the cover is isovariant. There exist i ∈ I and g ∈ G such that x ∈ T i and G
Hence y = x. Alternatively, assume the cover is approximate and G x is closed in G. Kolmogorov proved topological groups G are regular in the above sense [Kol34, §1] .
There are i ∈ I and g ∈ G with x ∈ T i and
Remark 2.2. Below are earlier classifying spaces that isovariantly map to ours.
and each H ∈ F is a closed set in G. A reason to regard higher cardinals κ is G = (S 1 ) I , with the product topology, for any infinite set I. These infinite-dimensional toral groups are connected compact [Čec37, p830] abelian Hausdorff groups and archetypes beyond Lie groups [HM06, 8.15] . Also the continuum c := 2 ℵ0 can be ℵ α for ordinals α > 0 in ZFC set theory.
2.1. Free actions. The following was my motivation and stated by G Segal [Seg75] .
Corollary 2.3 (Segal). Let G be any topological group. Let κ be any cardinal. Let X be a principal G-bundle covered by κ-many local trivializations. Then X is G-homeomorphic to the pullback bundle f
This simplified [GF68] 3 where the orbit space X/G is assumed Tikhonov (T 3.5 ): a T 0 space Y is Tikhonov if points and closed sets are separated by maps Y −→ [0, 1]. An upper bound on κ is the weight of X/G, the minimum cardinality for a base. For example, if X/G is second-countable, then κ can be taken as the classical ℵ 0 .
Corollary 2.4 (Gelfand-Fuks). Let G be a topological group. Let B be a Tikhonov space, with weight denoted wB. Let X be a principal G-bundle over B. Then X is G-homeomorphic to the pullback bundle f Corollary 2.5 (Milnor-Dold). Let G be a topological group. Let B be a paracompact Hausdorff space. Let X be a principal G-bundle over B ≈ X/G. Then X is G-homeomorphic to the pullback bundle f
In turn, this bested Steenrod [Ste51, 19.6, 19 .
Corollary 2.6 (Steenrod). Let G be a compact Lie group. Let B be a finite simplicial complex, say of dimension n. Let X be a principal G-bundle over B. Then X is G-homeomorphic to pullback bundle f
2.2. Unstructured fiber bundles. Balanced products X × G F allow analogies of the above results for fiber bundles with fiber F and structure group G [Ste51, 2.3]. However, applications do not effortlessly and formally occur to the more primitive notion of a fiber bundle with fiber F and no provided structure group [Ste51, 1.1]. Nonetheless, for any base and certain fibers, we can combine [Ste51, 5.4-5.5] with [Are46, Theorem 4] to associate a principal bundle to unstructured fiber bundles.
Theorem 2.7 (Steenrod-Arens). Let F be a Hausdorff space that either is compact or is both locally connected and locally compact. Endow Homeo(F ) with compactopen topology G [Fox45] . Any F -fiber bundle over any topological space B is isomorphic to the balanced product X × G F for some principal G-bundle X over B.
Corollary 2.8. Let F be compact T 2 space or locally connected locally compact T 2 . Endow Homeo(F ) with compact-open topology G. Let B be a topological space; let κ be a cardinal. Any F -fiber bundle p : E −→ B covered by κ-many local trivializations {U i ×F } i∈I is isomorphic to pullback f
Proof. This is immediate from Theorem 2.7 and Corollary 2.3.
Remark 2.9. For B any Aleksandrov space [Ale37] and the above sort of fiber F , Corollary 2.8 overlaps with existence of a Grothendieck-type classifying space for unstructured F -fiber bundles over B found recently by Cianci-Ottina [CO, 3.14].
The following result is well-known nowadays but seems to be undocumented.
Corollary 2.10 (Holm). Endow Homeo(R n , 0) with compact-open topology TOP n . Let B be a paracompact Hausdorff space. Any R n -microbundle p :
Proof. Holm shows R n -microbundles over B are (R n , 0)-fiber bundles [Hol67, 3.3]. As R n is locally connected locally compact, use Theorem 2.7 and Corollary 2.5.
Analyzing his own main proof (
Theorem 2.11 (Crowell). Let X be any locally compact Hausdorff space. Endow Homeo(X) with Arens' g-topology [Are46] . Let Y be any locally connected space. Any continuous function h : X ×Y −→ X with each h y : X −→ X ; x −→ h(x, y) a homeomorphism has its adjoint h * : Y −→ Homeo(X) ; y −→ h y being continuous. Now, we allow the fibers of Corollary 2.8 to include non-locally connected examples such as F = Q or p-adic rationals Q p by transferring the condition to the base.
Corollary 2.12. Let F be any locally compact Hausdorff space. Endow Homeo(F ) with Arens' g-topology G. Let B be any locally connected topological space; let κ be a cardinal. Any F -fiber bundle p : E −→ B covered by κ-many local trivializations {U i × F } i∈I is isomorphic to the pullback f
Proof. By [Are46, Theorem 3], G is a topological group with continuous evaluation function
, and it is the coarsest for which these hold. For any transition ( Corollary 2.13 (Palais-Bredon). Let G be a compact Lie group. Let F be a finite set of closed subgroups of G. Let X be a metrizable G-space with orbit types in F.
Corollary 2.14 (Ageev). Let G be a compact Lie group. Write cpt for the set of compact subgroups of G. Let X be a metrizable G-space (hence X/G is metrizable). Then X is G-homeomorphic to pullback f
cpt G. Now we generalize this further, from having X/G be metrizable to only Tikhonov.
Corollary 2.15. Let G be any Lie group. Write cpt for the set of compact subgroups of G. Let X be a Tikhonov space, equipped with a Palais-proper G-action. By Palais' slice theorem [Pal61] , X is isovariantly covered by cpt-tubes, say κ-many. Then X is G-homeomorphic to pullback f * (E κ cpt G) for a map f : X/G −→ B κ cpt G. Definition 2.16 (Antonyan). Let G be a locally compact Hausdorff group. A subgroup H of G is large if the homogeneous space G/H is a topological manifold. Write lrg ⊆ cpt (equality if G Lie) for the subset of large compact subgroups of G.
The approximate-slice theorem of Abels-Biller-Antonyan [Ant05, 3.6] is used instead of Palais' slice theorem to prove the following generalization of Corollary 2.15. Our conclusion follows from theirs: their G-map F is an embedding [AAV12, 4.4(1)]. We conclude the same; our F also separates points from closed sets [Eng89, 2.3.20].
Corollary 2.17 (Antonyan-Antonyan-Valera-Velasco). Let G be a locally compact Hausdorff group. Let X be a Tikhonov space with a Palais-proper G-action. Then X is G-homeomorphic to the pullback f * (E Theorem 2.18. Let Γ be a topological group; let Π be any normal subgroup of Γ. Let F be a set of subgroups of Γ such that H ∩ Π = 1 for each H ∈ F. Let κ be a cardinal. Let X be a Γ-space isovariantly covered by κ-many F-tubes. Then X is Γ-homeomorphic to the pullback c * (E κ F Γ) for some Γ/Π-map c : X/Π −→ E κ F Γ/Π. Observe X −→ X/Π is a principal Π-bundle, as the restriction of F to Π is {1}.
Proof. Define c using the F and f for Γ of Proof 2.1 in the commutative diagram (2.1) 
where the right square and the rectangle are pullbacks. By the so-called pasting law [Mac71, III:4.8b], the left square of (2.2) is a pullback. Again, since the right square and the rectangle of (2.1) are pullbacks, the left square of (2.1) is a pullback.
May-Elmendorf's model [Elm83, p278] This quasi-discretized version of the classical unit interval allows us to avoid the absolute-extensor approach to homotopical uniqueness employed by earlier authors.
Lemma 3.2. Let G be a topological group. Let F be any set of subgroups of G. Suppose {T i ≈ G × Hi S i } i∈I and {T j ≈ G × Hj S j } j∈J each F-isovariantly cover a G-space X for sets I and J. There is a map h : X/G × I 2 −→ B Proof. Define h| : X/G × {0} −→ B I⊔J F G to be the classifying map of Theorem 2.1 for the combined isovariant cover {T i } i∈I ⊔ {T j } j∈J of the G-space X by F-tubes. Define h|X/G × {−1} to be the classifying map f − for the isovariant cover {T i } i∈I ; define h|X/G × {+1} to be the classifying map f + for the isovariant cover {T j } j∈J .
Here we use the G-embedding E 
There is equipped a G-homeomorphism φ i : T i −→ G × Hi S i . Note the preimage To state a uniqueness theorem, we require the notion of a stratified homotopy. The following definition we amplify to preorders from partial-orders [Hug99, 2.6]; we shall need it in such generality and cannot assume closedness if X is non-Hausdorff. . A topological space Y shall be (P, )-filtered if it is equipped with a set {Y a } a∈P of subspaces where
where
Example 3.4. Let G be a topological group. Let F be a set of subgroups of G. Write (F) for the set of G-conjugacy classes of elements of F. Define a preorder ⊑ on (F) by: (H) ⊑ (K) if H is G-conjugate to a subgroup of K (same as [Kha, 3.5] ). Let X be a G-space with orbit types in F. The orbit-type filtration of X/G is
The orbit-type stratification of the orbit space X/G is
Isovariance implies the map f (2.1) is stratified and the homotopy h (3.2) is filtered
Remark 3.5. In the preceding example, if G is a Lie group and F ⊆ cpt(G), then it follows from Cartan's closed-subgroup theorem that ⊑ is moreover a partial-order. However, even for the solvable Baumslag-Solitar group
] ⋊ 4 Z, which is a 0-dimensional Lie group with the discrete topology, antisymmetry of ⊑ fails for F = { x , x 2 }. Therefore, for general G and F, our Definition 3.3 of filtered spaces is stated in terms of preorders, not the more familiar partial-orders.
Variations of the following result are nontrivial theorems on product structures. In the free case, it is like [Ste51, 11.3] Lemma 3.6. Let G be a topological group; let F be a set of subgroups of G. Let B be an (F)-filtered space. For any filtered homotopy h :
. We prove the lemma after its application to this homotopy-uniqueness theorem.
Theorem 3.7. Let G be a topological group. Let F be any set of subgroups of G. 8 To see the G-map H : X ×I 2 −→ E I⊔J F G need not be stratified, take K cohopfian in X = K\G and κ = 1, T 1 = X = T 2 and φ 1 (Kg) = Kg, φ 2 (Kg) = Kag with a / ∈ N G (K). Note G H(K,−1) = G (K,0) = K and G H(K,1) = G (0,Ka) = a −1 Ka, but note G H(K,0) = G (K,Ka) = K ∩ a −1 Ka = K.
9 Paracompact Hausdorff B admit a product-structure theorem for microbundles [Mil64, 3 .1].
Proof. Let f, g : B −→ B κ F G be (F)-stratified maps. One direction is Lemma 3.6. Now assume Φ :
is a G-homeomorphism that commutes with the canonical projections to B. Write X := f * (E κ F G). There is a canonical stratified homeomorphism X/G ≈ B. Pulling back Equation (1.1), observe f classifies the F-isovariant cover f * {T (i, H)} of X, and that g classifies the F-isovariant cover Φg * {T (i, H)} of X. Since κ = κ + κ, 10 by Lemma 3.2, there is the homotopy h Proof of Lemma 3.6. INCOMPLETE
